Abstract. High harmonic generation in complex multi-electron systems is investigated theoretically. The harmonic spectra exhibit two cutoffs. The first cutoff is in good agreement with the well established, single active electron cutoff law. The second cutoff presents a signature of multi-electron dynamics. The strong laser field excites nonlinear plasmon oscillations. Electrons that are ionized from one of the multi-plasmon states and recombine to the ground state gain additional energy, thereby creating the second plateau. This finding gives experimental access to a so far hardly explored regime of quantum physics -the non-perturbative, nonlinear dynamics of multi-electron systems.
When an intense laser pulse is focused onto a noble gas jet, high harmonic generation (HHG) takes place. High harmonic radiation is created in a three step process [1] . The valence electron is set free by tunnel ionization. In the continuum, the electron is accelerated and follows the quiver motion of the laser field. When the laser field changes sign, the electron is driven back towards the parent ion. Finally, the electron recombines to the ground state upon recollision, and an xuv photon is emitted.
The theory of HHG is based on the single-active-electron (SAE) approximation [2] . It is assumed that only the valence electron interacts with the strong laser field. The residual electron core remains frozen and does not contribute to the interaction. As a result, the valence electron and the core electrons are regarded as uncorrelated. HHG has been performed with noble gas atoms, noble gas clusters [3] , and with small molecules [4, 5] . All experiments so far were found to be in agreement with SAE theory.
Experimental [6, 7, 8] and theoretical [9] evidence was found that SAE theories cannot describe optical field ionization of highly polarizable systems, such as large molecules and metallic clusters. Due to the high electron mobility and polarizability, a factorization into valence and core electrons is no longer valid and the complete, correlated multi-electron (ME) dynamics has to be taken into account. This raises the question as to which extent the SAE approximation is applicable to non-perturbative phenomena in complex materials [10, 11] .
In this article, HHG in highly polarizable electron systems is investigated by a 1D multi-configuration time-dependent Hartree-Fock (MCTDHF) analysis. MCTDHF is currently the only method that can properly model non-perturbative, correlated ME quantum dynamics [12, 13] . Our analysis reveals the following key result. In contrast to HHG in noble gases, where the harmonic spectrum exhibits one plateau and cutoff, a second cutoff is identified in complex, highly polarizable materials. The first cutoff is found to be in agreement with the SAE cutoff law [1] . The second cutoff originates from the ME nature of the bound electrons. The strong laser field excites nonlinear, collective electron oscillations. This results in a population of multi-plasmon states that oscillate at a multiple of the plasmon frequency. The second plateau is generated by electrons that ionize from the multi-plasmon states and recombine to the ground state. The energy difference between excited and ground state determines the difference between first and second cutoff. The identified plasmon signature presents a novel tool for the investigation of nonlinear, non-perturbative ME dynamics in complex materials.
Our analysis has still another implication. At lower intensities, just below the threshold for ionization, the plasmon frequency and its first few harmonics are still excited very efficiently. This process presents an interesting alternative to HHG, as it does not underly the limitations of HHG arising from dephasing and spreading of the electron wavefunction in the continuum [14] . Nonlinear plasmon oscillations hold the potential for the realization of efficient, coherent xuv-sources. Finally, a 3D numerical analysis of non-perturbative ME dynamics is currently computationally out of reach. Although 3D effects may affect the quantitative structure of the calculated spectra, the essential physics underlying HHG and the nonlinear excitation of multi-plasmon frequencies is contained in our 1D analysis. Ionization potential and polarizability of our model potentials were chosen to be close to values that are representative for highly polarizable, complex materials. Therefore, our 1D analysis of HHG in ME systems gives a reasonable approximation to the "real world" process.
The 1D MCTDHF analysis is based on the solution of the 1D Schrödinger equation
Here, E(t) is the laser field, V n = Z/ x 2 i + a 2 n refers to the nuclear binding potential, Z is the charge state, and a n is the shielding parameter of the electron-nucleus interaction. Further, V e = 1/ (x i − x j ) 2 + a 2 e represents the electron-electron interaction potential with shielding parameter a e . Atomic units are used throughout, unless otherwise stated. The electron wavefunction is represented by
where q = {x, s} is the spin-coordinate electron variable, and J = j 1 ...j f is a multiindex with j i ∈ {1, ..., n}, and n ≥ f . Electron correlation is accounted for by the fact that the number of expansion functions n is larger than the number of electrons f . In the limit n → ∞ the Ansatz (1) is exact. The Schrödinger equation is solved in a simulation box with size ±360 at.u. and on a uniform 1D-grid with 2400 grid points. To avoid reflection at the boundaries, complex absorption potentials are used. We perform calculations for f = 4, n = 8. Increasing the number of expansion functions to n = 12 changes the ionization yield by less than 4%. Changes of the harmonic spectrum are negligible, proving that the multi-dimensional wavefunction is converged.
In figure 1 the harmonic spectrum is shown for a 4-electron system and a SAE system with the same HOMO (highest occupied molecular orbital) ionization potential I p = 0.5 at.u. The shielding parameters a n and a e are chosen to tune ionization potential and polarizability. 1D ME simulations tend to overestimate the polarizability. In order to keep the polarizability at a reasonable level, the ionization potential had to be chosen slightly higher than usual values of complex materials (0.25 − 0.4 at.u.). The softening parameter used for the SAE system is a n = 1.414. The ME system is modelled by a Coulomb potential that represents highly polarizable atoms and clusters. The potential parameters are a n = 0.80, a e = 1.0, and Z = 4. The binding energy of the 4-electron ground state is I 4 = 8.5 at.u. The static polarizability is calculated by using the relation α 0 = 1/E ∆ρ(x)xdx, where ∆ρ is the change in electron density caused by the field E. We find a polarizability of α 0 = 31Å 3 , which lies between the polarizability of transition metal atoms and clusters. For example, the polarizability of a Nb atom is α 0 = 15Å 3 , and the polarizability of a C 60 cluster is α 0 = 80Å 3 . Finally, the laser parameters are: center wavelength λ = 1000 nm, peak intensity I = 2 × 10 14 W/cm 2 , Gaussian envelope with FWHM width τ = 4T 0 , and laser oscillation period T 0 = 3.33 fs.
The SAE and the ME harmonic spectra are depicted by the dashed and full lines in figure 1, respectively. The cutoff energy E = I p + 3.17U p is in agreement with the SAE cutoff law [1, 2] . Here U p = (E 0 /2ω 0 ) 2 = 0.68 at.u. is the ponderomotive energy, E 0 is the laser peak field strength, and ω 0 denotes the laser circular center frequency. The ME spectrum reveals in addition to the regular, first cutoff a second cutoff. In the inset, the difference between first and second cutoff is plotted versus laser peak intensity for various wavelengths. The difference in cutoffs is centered around 4ω p . The energy in the inset, ∆E/ω p , is normalized to the plasmon frequency for reasons that will become clear below. A plasmon oscillation is a collective excitation in which the electrons respond to the laser field in a coherent fashion, like a single macroparticle. At the plasmon frequency, laser absorption is maximum and the center of charge motion of the electron cloud is 90
• out of phase with the laser electric field. The plasmon frequency, ω p = 0.4 at.u., was determined numerically by scanning phase shift and absorption as a function of laser frequency. The halfwidth of the resonance (≈ 0.2 at.u.) is comparable to the plasmon frequency, which presents an unambiguous signature of a collective oscillation. Harmonic spectra were also calculated for another model potential, 4 electrons bound in a linear molecule with 4 equidistant nuclei, in order to exclude artifacts coming from the shape of the model potential. In the 4-center case we also find harmonic generation extending ≈ 4ω p beyond the first cutoff. The second plateau drops a little faster and is not as pronounced as in figure 1 .
In order to understand the origin of the second cutoff in figure 1 , a time frequencyanalysis of the ME spectrum is plotted in figure 2 . Note that the return time t r of the ionized electron is expressed in optical cycles. The value 0 indicates the maximum of the laser pulse, integer values correspond to a positive maximum of the electric field. The Fourier transform is performed by using the window function 1/(πT w ) 1/4 exp −t 2 /(2T 2 w ) with T w = 0.2T 0 . The harmonics corresponding to the first and second plateau are depicted by the thin, and the thick, full line, respectively. The trajectories responsible for the first cutoff in the ME spectrum differ only weakly from the SAE trajectories. This can be seen by inspecting the cutoff harmonic, (E − I p )/U p = 3.17 The electron return phase at which the cutoff is generated is 240
• in the ME case. This is close to the well known SAE cutoff trajectory that is born at 17
• and returns at 260
• [1] . The difference in return times arises from the laser induced polarization. As the resulting dipole force decreases rapidly with distance from the parent system, the electron trajectory is affected only in the vicinity of the nucleus, which is during birth and return of the electron.
Surprisingly, the contours of the first and second plateau in figure 2 show similar patterns. The maximum energy in each half cycle occurs at the same return phase for both plateaus. The change of harmonic energy as a function of the return phase is also similar indicating that the harmonics in both plateaus are generated by the same electron trajectories. The strong laser field brings the medium into a coherent superposition of ground and excited state. The phase difference between ground and excited state is exclusively determined by the laser field, and is therefore the same for each atom. As a result, the contributions from individual atoms add up coherently and HHG can take place from the ground as well as from excited states. The same trajectory generates different harmonics, when the electron starts from different initial levels and returns to the ground state. The energy difference between the harmonics is determined by the energy difference between the initial energy levels, resulting in the appearance of a second plateau. The dipole moment after the laser pulse reveals the excitation mechanism responsible for the second plateau. It exhibits a non-sinusoidal oscillation with a frequency equal to the plasmon frequency. The non-sinusoidal dependence arises from the nonlinear excitation of multi-plasmon states, oscillating at multiples of the plasma frequency, kω p , k = 1, 2, 3, ..., from which HHG can take place. Single electron effects as a source for the second plateau can be excluded for the following reasons. (i) The oscillation of the dipole moment after the laser pulse decays with time -a typical signature of plasmon decay caused by particle-particle collisions. (ii) The SAE calculation in figure 1 does not show a second plateau. ( iii) The energy difference between the first and second cutoff is larger than the HOMO ionization potential. (iv) The absence of doubly ionized states excludes HHG from a deeper bound electron. (v) HHG from excited single-electron states does not result in an increase of the standard cutoff law [15] , because the HOMO electron is born with the same energy after ionization regardless of its initial state. In contrast to that the plasmon energy remains stored in the system and can upon recombination be converted into harmonic photon energy, resulting in a second plateau with higher cutoff.
In figure 3 the plasmon spectrum is plotted. The absolute squared dipole moment was calculated for the same potential as in figure 1. However, a lower peak intensity, I = 1.5 × 10 13 W/cm 2 , was used. At this intensity no ionization and HHG takes place, facilitating an unambiguous presentation of the plasmon oscillations. The wavelength is λ 0 = 1400 nm. The laser electric field is switched on over 4 optical cycles and is then kept constant. The Fourier transform of the dipole moment is calculated 13 cycles after the begin of the laser pulse. The first few odd harmonics of ω 0 in figure 3 come from a coupling between the ground and excited states of the valence electron and present the single-electron contribution to the optical response. They drop rapidly with increasing harmonic order showing that the process takes place in the perturbative limit. The situation changes for frequencies ω ≥ ω p . We find a plateau-like structure of odd harmonics of ω 0 ranging from ω p to ≈ 3ω p . Due to the collective nature of the plasmon excitation, the nonlinear response is much larger than that of a single-electron excitation resulting in the non-perturbative generation of high harmonics of the driving laser frequency. Figure 3 proves that multi-plasmon states are responsible for the second plateau in figure 1 . However, it has also another implication. The plateau in figure 3 reveals the potential of the plasmon nonlinearity for the realization of coherent xuv-sources. Plasmon driven HHG is bound to be more efficient than conventional HHG for two reasons. (i) HHG relies on the creation of free electrons by ionization. Electron wavepackets in the continuum undergo spreading (quantum diffusion). As a result only a tiny fraction of the initially ionized electron returns to the parent ion and creates high harmonic radiation. This is not accounted for by our 1D analysis. Plasmon HHG is a ME bound state process and therefore is not affected by quantum diffusion. When propagation effects are taken into account, the presence of free electrons causes dephasing between driver and signal xuv-pulse, which presents a serious limitation of HHG. Plasmon HHG remains unaffected. (ii) The lower intensities required for plasmon induced harmonic generation present the second advantage. Such intensities are achievable in laser resonators without additional amplification. As a result high harmonic pulses can be generated at a multi-MHz repetition rate, as compared to the few-kHz repetition rates achievable with conventional HHG. Typical plasmon frequencies are in the range between 10 and 20 eV. Assuming that multi-plasmon states up to n = 3 can be excited, plasmon HHG presents a promising process for the efficient generation of coherent short wavelength radiation above 20 nm.
Finally, multi-plasmon excitations in clusters are an active area of research [16, 17, 18, 19, 20] . The harmonic spectrum in figure 1 can be used to study plasmon effects. This gives access to a so far hardly explored regime of quantum physics -the non-perturbative, nonlinear dynamics of multi-electron systems. The first and second plateau contain information on the plasmon orders excited in intense laser fields and on their strength. From figure 1 we find that plasmon orders up to k = 4 are excited. The difference in magnitude of the two plateaus determines the (population) probability of the plasmon states to be 10 −2 − 10 −3 . A more accurate determination of these parameters will require the development of numerical retrieval algorithms.
HHG in complex multi-electron systems was investigated. High harmonic spectra generated in noble gases exhibit a single plateau and cutoff. Our analysis revealed two plateaus. The first cutoff agrees with the cutoff law of noble gases. The second plateau presents a signature of electron correlation and is due to the nonlinear excitation of collective plasmon oscillations. It arises from electrons that are ionized from an excited plasmon state and recombine to the ground state. The plasmon signatures presents a novel tool for the investigation of the non-perturbative multi-electron dynamics in complex materials, a regime that is experimentally very difficult to access otherwise. At intermediate laser intensities, below the threshold for ionization, non-perturbative, nonlinear plasmon excitations were also observed. In this range the plasmon nonlinearity presents a promising process for the efficient generation of coherent xuv radiation.
